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@ Analyzing Rationg] Function;

VERTICAL
ASYMPTOTES AND POINTS OF DISCONTINUITY

Unit 4

Graphs of rational funct;
unctions have g yari
Variety of shapes and features, We have seen that the graphs of rational

functions, f(y)=P¥)
U Y
q ousfor any non-permissible values of x (values of x that make ¢(x)=0).

Y are discontin
One of the possi
sible features th

_ at cor| issi

POssible feature that corresponds t e i bl oyl PR,
. © @ non-permissible value of x is a point of discontinuity.

Point of Discontinuity

* A point, described

* Resultsin a single t:)»: atn Ordered pair, at which the graph of the function is not continuous.

Point missing from the graph, which is represented by an open circle.

Exa : i
mple 1: Graph a Rational Function with a Point of Discontinuity

Sketch the graph of £(y)~ X" ~3x -4

- Analyze its behaviour near its non-permissible value.

: PR
Solution: g e
F 2-3x-4_ el
. actor the numerator and denominator, then simplify.  £(x) = % = NG b W
The non-permissible value of x isx = “| . w Mo S
Note that the simplified function is a \lneor function. (Ve -y couctdd comeat) PG “Jf:’w
o 0%

Complete the table of values to observe the function’s behaviour near its non-permissible value of x=4:

X 3.5 3.9 3.99 4 4.01 4.1 4.5

f(x) 4.5 4.9 | 4.99 [ DNE S0 & [RENE

From the table we can see that the value of f(x) gets closer and closer to __ &~ as x gets closer to 4 from either
side. This value is known as the limit of the function as x approaches 4. A limit is the y value of a function that
is approached as x approaches a certain value. 7 5

T e

e Recall that for any rational function, f(x), if f(x) approaches = I
as x approaches (from either side) a non-permissible value, then i 0 v B N /
there will be a vertical asymptote at that non-permissible value. —— 1 | e

o If f(x) approaches (from either side) a /imit as x approaches a L1 ‘_.‘;___. i 51 B e / I
non-permissible value, then there will be a point of discontinuity ‘
at that non-permissible value of x. 17

S0, for this exam

le.thereisa?u—-\-"?)lxyn\‘»-‘} at( Y, 5 )* i EREEEER EEEEEEE

ordinate of the POD, substitute the ENNENENNNDENNNEEEEEE
he simplified function and evaluate: ' SEEEEEEE
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f Discontinuity

e a vertical asym
r. There will be a:

ble value appears in the

otes and Points © ‘
pt ptote. @ point of discontiny,
.

Determining Vertical Asym
rational function will hav

To quickly determine if the graph ofa inato
or both, you begin by factoring the numerator and denomi

e Vertical Asymptote if t
denominator to a greater degr
to the non-per

factor that corresponds
Jesser degree than in the numerator.

g issi
he factor that corresponds tO the non perm
the numerator.

ee than in '
missible value appears in the

e Point of Discontinuity if the
denominator to an equal or

e Examples:
_(x=D(x+3) « = -\ o Ce—‘—""“‘) N 3
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(x+2) S A
asa D at Xz -3
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h(l')=£x——)(f+—4) hasa Yo at_ X~
(x+4)

\JO' at x>\

=____(x+2)(x—3) hasa VoD at x> > anda
(x+1)(x—=3)

k(x)

HORIZONTAL ASY. MPTOTES
consider the end behaviour of the

To determine whether or not a rational function has a horizontal asymptote,
function (that is, the behaviour of f(x) as x approaches +» ).

e If f(x) approaches *x, then there is no horizontal asymptote.
then there is a horizontal asymptote aty = ¢.

o If f(x) approaches a constant, ¢,

To help us determine the end behavior of the function, and, subsequently the equation of the horizontal
asymptote, if it exists, we can divide both numeratorand denominator by the highest power of x that appears
on and examine the behavior of the function as x

in the expression. Then, simplify this expressi
‘0. In other words. evaluate the limit of the function as x — .




calculus 128 Unit 4

gxamples:
Determine the equation of the horizontal asymptote, if it exists, for each function:
: s , T
f(x)_8x’+2x+3 e &\ See ho et ?""b’ o
4x3+5x1 "th.d( \-0“(5.4\3 (_,“_ﬁ‘g,g-.-«,\s L\-e\() \’__“,\1* _\,‘A.‘ qv_/\hc-i/‘
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Aomareil, so [VIA =0
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X +x+9  Bowed 2 3
_s ,\a\__g RGN i

2x2+1 H“" A Joer <~

uickly determine the equation of the horizontal asymptote:

h(x)= W ER

This procedure can be simplified to q

&' * If the numerator and denominator have the same degree and the leading coefficients are,

respectively, @ and b, then the horizontal asymptote is given by y= %.

3
(For f(x)=w the horizontal asymptote isaty = 2)

4x° +5x

o If the degree of the denominator is greater than that of the numerator, then the
horizontal asymptote is given byy = 0.

horizontal asymptote is at y = 0)

‘ ominator, then the function
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Example 2: Sketch the Graph of a Rational Function
Sketch the graphs of the following functions:

a. f(x)=m x?+2x-8

3 f(x)=x’+5x+4

Solution;

; ints of
Express each function in factored form. Sketch the graphs using x-and y-intercepts. asymptot.eas;il:g; S
discontinuity, and any other necessary key points. Remember you can only cross the x- or ¥

x*=3x+2 C‘t'a‘)(}/ﬂ N e Ay
a. f(x)= = > ¥ ]
x-1 (1)
x-intercepts =4 y | |
y-intercept - o
Vertical asymptotes Wl
Points of Discontinuity =\ , T
Horizontal asymptote Moaa: s T
Other key points N /A 3
Domain x % ) ,xce 3 L/
Range b el uER T EF 55 F =2 L2 ‘ (R T 3 0
f

AN

R Nad e """“(’k oy BTVR Lot 7

M Ouvrmarcalr L9 wiNeh .Q(lmo.\ Q

atiyen ab w20

s 0\; Mok o K \, be cemwe et Oelee s
'\'L_o_,—& s o~ /‘)u./\* 5 SCon 3

coatg\\a(’ \‘)3 e aw~artor
“"t& Nt o (Y
\\;\& bQ((——ﬁe ‘\'\-\g ()\-0 cb(' - us
-& 'H~¢ A{MM\AMM .
(&)

S,\S“‘(’



. Cy ) ) Cop e t)

_.calculus 12B Unit 4
0 X +2x -8 ¥ ——r
b- f(x) = 2\ 5 F—-——«——* B
X +5x+4 g _.-———:]—“’“
o R |
x-intercepts Y B0 (1 _,__#..»—‘r—
y-intercept =y A I I S
Vertical asymptotes A ; N I -
Points of Discontinuity X = -4 / _,_T__d___—‘:
Horizontal asymptote w =0 — &% “::“___‘_ ||
Other key points " ’ ” ol )
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Example 3: Match Graphs and Equations for Rational Functions

i features such as intercepts
Match the equation of each rational function with its corresponding graph. Use key
and asymptotes to help you.

: 2 412x +32 P
a f)=2t2 b eI XOPEE A= 0,06
x+8 x+8 x> +10x +1
(x+ SN
. Cy 44)(x 1+ (1 @) (ot «\ g Hivtd
\)A@\"-% (Y-+“) T ()gf%)()-‘f;\
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